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In these lectures the relations betweensymmetries,Lie algebras,Killing vectors and
Noether’s theorem are reviewed. A generalisationof the basic ideas to include velocity-
dependentco-ordinatetransformationsnaturally leadsto theconceptof Killing tensors.Via
their Poissonbracketsthesetensorsgeneratean a priori infinite-dimensionalLie algebra.
The natureof suchinfinite algebrasis clarified using the exampleof flat space—time.Next
the formalism is extendedto spinning space,which in addition to the standardreal co-
ordinatesis parametrisedalso by Grassmann-valuedvectorvariables.The equationsfor
extremaltrajectories(“geodesics”)of thesespacesdescribethe pseudo-classicalmechanics
of a Dirac fermion. We apply the formalism to solve for the motion of a pseudo-classical
electronin Schwarzschildspace—time.
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1. Motions of scalar points in curved space—time

1.1. INTRODUCTION

In the following we connecta numberof old andvenerabletopicsrelatedto
symmetriesandconservationlaws,suchas Lie algebrasandNoether’stheorem,
with differential geometricstructureslike Lie derivativesandKilling vectors.

Although most of the basicideasarewell known#i , we presentextensionsand
generalisationsof interestin the descriptionof certainphysicalsystems;in par-
ticular we apply our methodsto study the motion of spinning particlesin a
curvedspace—time.

Accordingto Einstein’sequivalenceprincipletheworld lineof amassivescalar
point particle in curved space—timeis a time-like geodesic,describedby the
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equation
D2x11/Dt2 = .k~°+ = 0, (1)

with overdotsdenotingpropertimederivatives.Its time-likenatureis expressed
by the condition

fds\2 dxLdxl~ 2u—) =gpv-~-—-~—-=—c<0, (2)
wheretheuniversalconstantc (thelight velocity) is arealnumber.In the follow-
ing we usuallytakec = 1 andconsiderparticlesof unit mass,but occasionally
we re-instatethe explicit massdependencewhenthis is physicallyrelevant.

Note that eq. (1) implies that the accelerationdueto gravity is quadraticin
the four-velocity, whereasaccordingto the Lorentz force law the acceleration
of aparticlesubjectto electro-magneticforcesis linear in the four-velocity. For
particlescoupledto force fields of higher spin oneexpectsthe accelerationto
dependon higherpowersof the four-velocity [41.

The geodesiclaw of motion (1) canbe derivedfrom an actionprinciple.The
simplestform of theactionis

s = ~ (3)

thestationarypointsof which arepreciselygivenby eq. (1). Indeed,the general
variation of S reads

= fc~tr{_ox11g,v1~~+ ~— (~X~P~t)}~ (4)

wherep,~= g~u*~’is the canonicalmomentum.Thus ÔSvanishesfor anyarbi-
traryvariationof x11 with fixed endpointsif andonly if the equationsof motion
(1) aresatisfied.

1.2. SYMMETRIES AND NOETHER’S THEOREM

In regardto eq. (4) we can now askwhetherthereexist variationsôx~for
which 5S = 0 moduloboundarytermsevenwhenthe equationsof motion are
not satisfied:

2
I d

oS=J d~~(oxILp~—J(x,x)). (5)

Herewe havealreadysplitoff thetotal derivativecomingfrom partial integra-
tions in the derivationof expression(4). ThequantityJ (x,~) is obtainedfrom
variationsôx’~of the type

ox’4 = W~(x,~) R’4(x) + *‘1K~’4(x) + *AL~f(x) + . ..~ (6)
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We restrictourselvesto variationswhich dependon the first derivative.~‘4only,
becausethe secondandhigherderivativescanalwaysbe rewritten in termsof
thesemodulo the equationsof motion (1). Comparingeqs. (4) and (5) one
immediatelyfinds

dJ D2x”
dr = R.’4g~ Dt2 ~ (7)

wherethe last equality holdsonly upon usingthe equationsof motion.Hence
for physicalmotions the quantities3’ (x, *) are conserved.This is Noether’s
theorem.

1.3. GENERALISED KILLING EQUATIONS

Assumingthat 3’ (x, i~)canbe expandedin the four-velocityas

J(x,~) = (8)

we cancomparetermswith equalpowersof theaccelerationandvelocityon the
left- andright-handsideof eq. (7), usingtheansatz(6) for Ox’4. This leadsfirst
of all to an identificationof theco-efficientsin the expansions(6) and (8):

J,~’~(x) = R~(x),

J,~(x) = K~~(x), (9)

J,~(x) = L~~,
2jx), etc.,

indicating that all covarianttensorson the right-handside of eq. (6) should
be takento becompletelysymmetric.Secondly,the comparisonshowsthat the
following differentialequationshaveto be satisfied:

= 0, (10)

in which the parenthesesdenotefull symmetrisationover all indices enclosed,
with totalweightone.Equations(10) constituteastraightforwardgeneralisation
of theKilling equationfor theisometriesofdifferentiablemanifolds.Explicitly

~~O)= o, (11)

R(p;~) = 0, (12)

K(~~.A) = 0, etc. (13)

The first equation,eq. (11), implies that j(O) is an irrelevant constantwhich
weignore from now on.The secondequation,eq. (12), is thestandardequation
for Killing vectors,whilst eq. (13) andits higher-rankcounterpartsconstitute
tensorialgeneralisationsofthisequation.Thereforeonerefersto K’4V andhigher-
ranktensorssatisfyingeq. (10) as Killing tensors.
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1.4. CANONICAL ANALYSIS

In termsof phase-spacevariables(x’4,p’4) the conservedquantitiesof motion
read

J(x,p) = p~R’4(x) + ~ + ~p~p,,pAL’4~(x) +.... (14)

Supposethatthereexistn independentKilling vectorsR~’4(x), a = 1, ..., n. Then
a generalKilling vector is a linear combination

R’4[~] ~aj~’4 (15)

wherethe ~ constitutea set of n linearly independentparameters.A similar
remark holdsfor Killing tensors.Hencea particular3’, eq. (14), is in general
specifiedby the valuesof theseparameters~ = (c~°,...).

Introducingthe fundamentalPoissonbrackets

{x’4,pp} = O~, (16)

we can computethe Poissonbracketof two conservedNoethercharges3’ (1)
J[~] and3’(2) 3’[~]. The result is

= pp (R’4(l);~RA(2)— RP(2)~R~(l))

+ ~PpPu (K’4v(l);~RA(2)

+2R~(l);AK~(2) — 2R’~(2);AK’~(l))

+ ~PpPvPA (L’4~(l).KR’~(2) L’4~(2)’KRK(l)

— 3KI~’4v (1 )R~(2).K + 3K’~’4’~ (2)R~ (1 )•~

+ 3K;~(l)K~’(2) — 3K.~c’4”(2)K~(l))

(17)

The left-handside beingconservedfor physicalmotions, the right-handside
mustagainbeof the form (14), moduloequationsof motion. We now restrict
ourselvesto off-shell closedalgebras,i.e. the casein which the Poissonbracket
(17) itself takesthe form of a Noetherchargewithout explicit useof the equa-
tions of motion. Then

{3’(1),J(2)} = ,.j(3), (18)

wherethe parameters~3 arebilinearcombinationsof ~, and~2:

= fBCA~B~C (19)
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Fromeqs. (17)—(l9) it now follows that

[LR~ (R) ]b’4 = RbPVR~1V— = fabcRc’4 (20)

[.CR~ (K) ]~‘4~K!’4.~Ra~— 2Ra(~K1v)1 = (at.1K’ (21)

[L~R~(L)
1rpvA ~ — 3R0 KL = garsLsPl~)~ etc. (22)

Herethe symbol £ hasbeenintroducedto denoteLie derivatives.In addition,

we find relationsinvolving higher-rankKilling tensorsof the type
[.CKJ (K) ]~‘°“~ K’~’4~K”~”— KJ(t~~KK1A)K= c”~U’4’~, (23)

andits furthergeneralisations.Thus the notion of Lie derivativeis extendedto
higher-ranktensors.

Observethateq. (20) impliesthattheKilling vectorsdefineann-dimensional
Lie algebra.Equationslike (21), (22) thenassertthatthe Killing tensorstrans-
form in linear representationsof this Lie algebradefinedby the structurecon-
stants(t’~’,gars) Indeed,the Jacobiidentitiesguaranteethatthesestructure
constantsrealisethe Lie algebravia their matrix commutators:

Ito t
611’ = — fabc tcui (24)

[ga gb]TS = fabc gcrs etc.

Fromeq. (23) it follows, that Killing tensorsof rank n andin generateKilling
tensorsof rank (n + m — 1) via their tensorialLie derivatives. In this way
oneobtainsin principle an infinite-dimensionalalgebraofconservedquantities,
unlessthe left-handside of eq. (23) vanishesidentically, as might happenin
specialcases.

1.5. A UNIVERSAL SOLUTION

The generalisedKilling equations(10) admit one solution which exists for
anyarbitrarymetric g,~,.Thissolution is generatedby the metric itself:

K~~(x)= gpv(x). (25)

It satisfieseq. (10) identically by virtue of the metric postulategp~~= 0.
The constantof motion constructedfrom this Killing tensoris the world-line
Hamiltonian

H(x,p) = ~~g’4’~(x)pppv, (26)

which is the generatorof proper-timetranslations.Fromthis solution we can
constructawholetowerof higher-orderKilling tensorsby takingcompletelysym-
metrisedproductsof n metric tensors.The correspondingconservedquantities
aregiven by the nth powerof the Hamiltonian (26). Clearly, all theseNoether
chargescommuteamongthemselves,andno other solutionsaregeneratedby
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theirPoissonbrackets.Theexistenceof anyfurthersolutionsto the generalised
Killing equationsdependson the specificchoiceof g,~(x).

Note,thatthe methodof constructinghigher-rankKilling tensorsout of prod-
uctsof lower onesworksquite generally.Indeed,from any two Killing tensors
~ and ~ onecanconstructa new Killing tensor

1(n-i-m) — T(~2) ,(m)
— J(111...p,, “p~+i’p,~~Y

This satisfiesthe generalisedKilling equation(10) becauseof Leibniz’ rule.

1.6. EXAMPLE: FLAT SPACE

In order to illustratethe generalformalismpresentedabove,we considerthe
exampleof flat space,for which all conservedquantitiesof motion can becon-
structedexplicitly. For

gpv(x) = ~ (28)

the Killing equation
~ + ~ = 0 (29)

has the general solution

R~[a,w] = a~+ ~ Wp,i = Wup. (30)

Here a~and ~ are constantparameterslabeling the various independent
Killing vectors(ten in four dimensions).Theconstantsof motion corresponding
to theseKilling vectorsare:

J~’~[a,wj= a~p’4+ ~-w~~M’4”, (31)

with MPV = x’4p’~’— x”p’4. Clearly, the first term in eq. (31) generatesatrans-
lation, whilst the secondonegeneratesLorentz transformations.

At the level of second-ranktensorsone finds—in addition to symmetrised
products of Killing vectors—the universal solution O,~plus one new solution:

K~~[cs,fl] ~ + /3 (Opux2xpxu). (32)

These solutions correspond to the quadratic Casimir invariants of the Poincaré
algebra:

J~
2~’[cs,fl] = ap~2+ ~ (33)

Since for scalar particles there exist no other independent higher-order Casimir
invariants of the Poincaré algebra, all other Killing tensorscannowbeexpressed
as symmetrised products of the Killing vectors (30) and the second-rank Killing
tensors (32). For example, the Killing tensors of rank 3 which can be constructed
are of the form

r (1) (1)1 — .~ ~ —‘— (D~’~X”

pvA~ ,W j — (pr, t~, A)

~ = (o(’4Vx2 — x(~x~)(a~ + w~x’~). (34)
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To thesetensorscorrespondthe Noethercharges

J(3)[a~,wW] = p2 (aW .~ + ~ .M) + ~M2 (a(2) .~ + ~ .M).

(35)
Clearly, the constants of motion (pa, M~~)form the building blocks for the
constructionof thewholealgebra,andthe generalform ofthe conservedcharges
is

J(x,p)=~+à.p+~ô’M, (36)
in which the co-efficients(~,a,~ are arbitrary functions of the quadratic Cas-
imir invariants(p2,M2).

2. Motions of spinning points in curved space—time

2.1. SPINNING SPACE

In this sectionwe extendthe spacesconsideredpreviouslywith additional
fermionic dimensions,parametrisedby vectorial Grassmannco-ordinates~ti’4.

Following refs. [5—10],we takethe extensionin such a way, thata supersym-
metry is realisedin thesegradedspaces;it actson the co-ordinatesas

Ox’4 = —ie~t”4, Oçu’4 = ei’4. (37)

Suchgradedspaceswerecalled spinningspacesin ref. [11]. An actionfor the

extremal trajectories (“geodesics”) of spinning space is

s = Jdr (~g’4u(x)~’4~+ ~~,w(x)wM~)~ (38)

wherethe covariantderivativeof 1i”4 is definedby

Dyi’4/Dt = y”4 + ~ (39)

Undera generalvariationof the co-ordinates(Ox’4, ôw’4) theactionchangesby

os = fdr {_Ox’4 (gp~1~~0+

+ iAw’4g~u~J-_ + ~_ (Ox’4P~ — ~. ~ (40)

Here the canonical momentumis
‘ii t~ K A

Pp = gpux — pK1W W
whilst RKA’4V is the Riemanncurvaturetensor.Moreover,wehavesimplifiedthe
expressionfor OS by introducinga covariantisedvariationof W’4:

= O~t”4 + OXAI~’4Wv. (42)



566 J. W. van Ho/tenand R.H.Rietdijk/ Symmetriesand motionsin manifolds

TheactionS is stationaryunderarbitraryvariationsOx’4 andO~ii’4vanishingat
the endpointsif the following equationsof motion aresatisfied:

= ~jWKWARKA’4u~~~, (43)

Dyj’4/Dr = 0. (44)

Webriefly consider the physical interpretation of these equations. The quantity

S’4u = —i~”4yí~’ (45)

canformallyberegardedas thespin-polarisationtensorof theparticle [5—8,12],
andcorrespondinglyeqs. (43), (44) describethe classical motion of a Dirac
particle. Equation (44) implies that the spin tensor is covariantlyconstant.
Equation (43) then becomes

= I5KAR/
1*u (46)

It implies that there exist spin-dependentgravitationalforces similar to the
electro-magneticLorentz force,

= (q/m)F’4~*~’, (47)

with the spin-polarisation tensor replacing the scalar electric charge [12,13]
(here for unit mass). Such forces in principle allow the determination of spin
without anyreferenceto the intrinsic electro-magneticdipole momentswhich
areassociatedwith it for chargedparticles.

2.2. SYMMETRIES AND GENERALISED KILLING EQUATIONS

We now look for specific variations Ox’4 and4 ~ii’4 which leave the action
off-shell invariantmoduloboundaryterms.We takethe variationsto beof the
form

Ox’4 = ~‘4(x,*,w) = R~’~’4(x,~) + ~

= S’4(x,~,~) = S~°~’4(x,~) + i~vI . . .~V~S~2.,
1P(x,~). (48)

If the Lagrangian transforms into atotal derivative

OS = fdt~ (Ox’4P~— ~owPgpu~~_3’(x,~,w)), (49)

it follows that
dJ = ~ (gp,jI~~~+ .~ + iS’4g~~P~~_. (50)
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If the equationsof motion are satisfied,the right-handsidevanishesand 3’ is
conserved.Again, this is Noether’stheorem.Otherwise,expanding3’ (x, ~, w)
in termsof the four-velocity,

J(x,~,~) = j(O) (x, w) + ~ (x, ~), (51)

andcomparingthe left- andright-handsides of eq. (50) with the ansatz(48)
for Ox’4 and 4w~~we find the following identities:

~ = R~.~~(x,yi), n>l, (52)

and
~j(fl)

= ~u’4~ (x,yi), n >0. (53)

Moreover, these quantities have to satisfy a generalisation of the Killing equa-
tionsof the form [11]

+ ~ ~K = ~ ~LIK~UARKAV(P ~ (54)

Writing as before R~’~= R~,R~V~= ~ ~ = LpvA, etc., and j(O) = B,
this reducesfor the lowest componentsto

B -‘- e K — ,O a~ R~c‘4 ‘4K V’ — 2 ‘P ‘P paK/2

R (Pp a K ‘4 °R K K(p;u) + ~ u),c — ~ pav(p u)

K(pv;A) + a’~V ~)K0 y~K = ~‘4~° Rpa,c~pLuA)~c, etc. (55)

Theseequationshaveto hold independentlyof the equationsof motion. The
purely bosonic (~u-independent)partsof theseequationsreduceto thosewe
foundfor the scalarparticle,eqs. (11)—(13). In particular,the bosonic terms
in the Killing vectors R’4 define a Lie algebraby taking Lie derivativesas in
eq. (20). Furthermorewe notethat, contraryto the bosoniccase,the Killing
scalarB(x, ti’) = J~°~(x,w) is notalwaysanirrelevantconstant,becauseit can
dependnon-trivially on ~ and ~t”4, as follows from the first of eqs. (55).

2.3. UNIVERSAL SOLUTIONSFOR SPINNING SPACE

In contrastto thescalarparticle,thespinningparticleadmitsseveralconserved
quantitiesof motion in a generalcurvedspace—timewith metric g,~(x) [11].
Specifically,we canconstructthe following four universalconstantsof motion:

1. Like in the bosoniccaseg,,~, itself is a Killing tensor:

~ = gpu, (56)
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with all otherKilling vectorsand tensors(bosonicas well as fermionic) equal
to zero. The correspondingconstantof motionis the Hamiltonian

H(x,P) = ~ (57)

wherewe havedefineda covariantmomentum

= p’4 + ~ WK~,A (58)

2. A secondobvioussolutionisprovidedby theGrassmann-oddKilling vectors

R’4 = ~t’4, T~= iO~. (59)

Again all otherKilling vectorsand tensorsaretakento vanish.This solution
givesusthe supercharge

Q = ~ (60)

3. In addition to ordinary supersymmetry,the spinningparticleactionhasa
secondnon-linearsupersymmetry,generatedby Killing vectors

_i[d/2lR — __________ ~ V
1 . i”d —1

— (d— 1)! V ‘5 ,

1Vi•’vd_i ‘P ‘P

i[(d—2)/2]
~ = (d —2)! ~[‘~‘4vVlVa2 WV ... W~’d2. (61)

Obviously,theGrassmannparitiesof (Rn,T~~)dependon thenumberof space—
timedimensions.Thecorrespondingconstantof motion is thedualsupercharge,
givenby

= (d— 1)! ~[i~’4I...PdPct1 ~,Pd (62)

4. Finally, thereexistsanon-trivial Killing scalar
[d/21

j~ = ~ V’T~ep
1pa W’

4’ ‘‘ W’4d. (63)

This constantof motion acts asthe Hodgestardualityoperatoron ~i”4. In quan-
tummechanicsit becomesthe ~ elementof theDiracalgebra.For thisreason
[~ is referedto as the chiral charge.

Fromthe fundamentalDirac brackets

{x’4,p~} =

{W’4 WV) =

{p~WV} =

= ~ WPWa (64)

we now find the following non-trivial Dirac bracketsbetweentheseuniversal
constantsof motion:

{Q,Q} = —2iH, {Q,F~} = _iQ*. (65)
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Observethatd = 2 is an exceptionalcase:Q* is linear andacts asan ordinary
supersymmetry:

{Q*Q*} = —2iH, {Qt,f~}= —iQ. (66)

Hencein twodimensionsthetheoryactuallypossessesanN = 2 supersymmetry.
For d ~ 2, the right-handsideof eqs. (66) is to be replacedby zero.

3. Spinningparticlesin Schwarzschildspace—time

3.1. CONSERVATION LAWS IN SCHWARZSCHILD SPACE-TIME

As an applicationof the generalisedKilling equationsfor spinningspacewe
discussthe motion of aspinningparticlein a staticandsphericallysymmetric
gravitational ~ Thefield is describedby the Schwarzschildmetric

ds2 = — (1 — dt2 + (1 — /r)c~r2 + r2 (d02 + sin20 d~2), (67)

where c~= 2MG, M beingthe total massof the sphericallysymmetricobject in
the centreof the field. It is well known,that the Schwarzschildmetric possesses
four Killing vectorfields of the form

D~°~~R~’4(x)0~, c~= 0,...,3, (68)

where
D~°~=

D~’~= —.sin~0/0O+ cot0cosq8/3~, (69)

D~2~= cos~~0/00— cot0sinç0/0~,

D~3~= O/Oço.

TheseKilling vectorfields expressthe time-translationinvarianceandthe ro-
tationsymmetryof thegravitationalfield. Theygeneratethe correspondingLie
algebrao(l,l) x so(3):

[DW DU)] _eujkD(k)
(70)

= 0.

Thefirst generalisedKilling equation(55) showsthatwith eachKilling vector
R~°~there is associated a Killing scalar B(a). TheseKilling scalarsarenecessary
to obtainthe constantsof motion

= B(a) + m.~’4R,~0). (71)

TheKilling scalarshavea naturalinterpretation:the constantsof motion repre-
sentthe total angularmomentum,which is the sumof the orbital andthe spin

*2 More details can be found in ref. LI 4].
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angularmomentum.In general,orbital angularmomentumis no longer sepa-
rately conserved;thereforethe Killing vector itself does not give a conserved
quantityof motion. Thecontribution of spin is containedin the Killing scalars,
andhasto be added.

Insertingthe expressionfor the connectionsandthe Riemanncurvaturecom-
ponentsof the Schwarzschildspace—timein eq. (55), we obtainfor the Killing
scalars

B~°~= (—ii~v/2r2)WtW?~,

= irsinç9 W’W° + irsin0cos0cosç~w’_w~— ir2sin20cos~w°w~~
B~2~= —ircos~WrWO + irsin0cos0sin~W’~W~— ir2sin20sinqi W°W~,

B~3~= —ir sin2 0 W’W~— ir2 sin0 cos0 W°W~•
(72)

Uponsubtitutionin J ~, eq.(71), andusingthespin-tensornotationintroduced
in eq. (45), onefinds

j(O) E=m(l_~)~-~ - ~5ri

,~ dr 2r2

j(l) = —rsin~(mr~ + Sr0) — cos~(cot0f(3) — r2S0~),

j(2) = rcos~(rnr~ + Sr0) — sin~(cotOJ(3)— r2S0~),

j(3) = rsin20 (,nr~ + s~ + r2sin0cosOS°~. (73)

\, dr

In addition to theseconstantsof motion,the universalconservedchargessuch
as th~world-line Hamiltonianandsuperchargealsoprovideinformationabout
the allowedorbits of the particle.Specifically,we considermotionsfor which

H = —~in2c2, Q = 0. (74)

The first equation implies geodesicmotion (equality of proper time with the
geodesicinterval):

dt2 = —ds2, (75)

cf. eqs. (2), (67). The secondequationexpressesthe fact that spin represents
only threeindependentdegreesof freedom.Indeed,we can now solvefor wt in
termsof the spatialcomponentsw’:

cv dt 1 dr 2 ((‘0 ~ 2 dç ‘\

(1 — —) ~ W = (1 — (s/!~)~ Wr + r + s,n O~,—W~’). (76)
As a result, the (classical)chiral chargef~vanishesas well.

Fromeqs. (73) onecan derivea usefulidentity

r2 sin0S°~= j(’) sin0cosç~+ J(2) sin 0 sin~ + j(3) cos0. (77)
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In physical terms, this identity simply statesthat thereis no orbital angular
momentumin the radial direction.

Combiningeqs. (73), (74) one obtainsa completeset of first integralsof
motion, expressingthe velocities as functionsof the co-ordinates,the spatial
spin componentsandthe constantsof motion:

dt — 1 (~1 cv Srt
di — (1 —cv/r) ~m + 2mr2

dr cv 2(dt\2 cv

~- (l~) ~a~)-1+-

2 2 1/2

~r2 (~ - ~) { (~)+ sin20 (~)}]
= ~ (_j(~)sin~+ J(2)cos~t.SrO),

di mr

dc~= 1 j(3) — _..Lsrt~— _~_cot0S0~~, (78)
dr mr2sin20 mr in

in which

s’~t= ~ (d0
5r@ + sin2o~S~~~). (79)E \dr di

Finally, the rateof changeof the spinsis determinedby

/ 3~\(dO ‘ 2

—=r~l—~---)~—W +s’n0~—~~

dyi° 1 /dr ~ dO ,.‘\ . dq
= ~ ~ +~W)+stn0cosO~YJ~~

dWt’ /ldr dO\ ld~ d~ ~
= ~d +cot0~—)y/~— ~“~—cotO~---~ . (80)

Equations(78)—(80)can be integratedto give the full solutionof theequations

of motion for all co-ordinatesandspins.

3.2. SPECIAL SOLUTIONS

As an applicationof the resultsobtainedin section 3.1 we study the special
caseof motion in a plane, for which we choose0 = ir/2. Unlike for scalar
point particles,this is not the genericcase,becausein generalorbital angular
momentumis not conservedseparately.

For spinningparticles,motion in a planeoccursin two kinds of situation.
The first possibility is radial motion,for which ~ = 0. In this casethereis no
orbital angularmomentumandspin is conservedindependently.Clearly, either
the particleescapesto infinity or hits the centreof the potentialafter a finite
time.
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The secondpossibility concernsmotion for which ~ ~ 0. In this caseorbital

andspin angularmomentumdecoupleif theyareparallel.Hencewe imposethe
conditions

S°~’= 0, S’~°= 0, (81)

from which it now follows that j(’)~(
2)vanish.In this casewehavetwo constants

of motion:
L=mr2çi, J~3~—L=rS~. (82)

Fromthe first of eqs. (78) wenow find a formulafor the gravitationalredshift
given by

di /E cv
dt=

3L1J. (83)
(1 —cv/r) \in 2mEr j

The first term correspondsto the usualtime dilation in a gravitational field for
spinlessparticles.In this case,thereis an additional contribution from spin—

orbit coupling. This showsthat time dilation is not a purely geometricaleffect,
but also hasa dynamicalcomponent[12].

From thesecondof eqs.(78) andthe first of eqs.(82) weobtainthe equation
for the orbit of the particle:

1 dr /(E2_m2) 2 mcv /mr j(

3)\

2 r—l+—---—I———+—-—--J. (84)rd~ y L L \L mrj

In terms of dimensionless quantities

= E/m, x = r/cv, (85)

£ = L/mcv, 4 =

we find for thestationarypoints Xm of the orbit, as definedby the vanishingof

the right-handsideof eq. (84):

= 1— —~— + -~- — -~- (1+4). (86)
Xm Xm Xm

Of course,all calculationspresentedhereare ratherformal, as 4 is not a pure
number.However, the equationsmight be applicableto realistic physicssitu-
ationsif it is allowedto replace4 in certain limiting casesby a real number.
Since the pseudo-classicalequationsacquirephysical meaningwhenaveraged
overin functionalintegrals [5,15] (i.e. in thepath integralof thequantumDirac
particle), such a limit might arisein the semi-classicalregimeof the quantum
theory,as implied by the correspondenceprinciple. In the following we assume
that suchanumericalvalueof 4 hasbeenobtainedandleadsto valid results,
at leastin expansionsto first orderin 4 (wherethe fact that 42 = 0 plays no
role).

For c � 1 we haveopenorbits for which thereis at most onepoint of closest
approach,the perihelion. If for fixed / the energyexceedsa critical value, the
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particlecancrossinto the centralregion of the potential (x < 1). The critical
value is given by

= ~2(~g,~)) (87)

where ____________

= /2(1 — ~l — 3(1+4)) (88)

For e < 1 thereareboundstatescorrespondingto quasi-periodicorbits, which
have both a perihelion and an aphelion. The stationary points of the orbit are
againdeterminedby*3 eq. (86). Solutionsof this equationexistonly for

/2>3(1+4) (89)

In particular, for circular orbits there exists a minimal radius given by

Xm123(l+4). (90)

For this critical orbit the energyis to first order in 4:

= ~ (8+4), (91)

whilst the time-dilationfactor in the critical orbit is given by

(dt/dt)~~~= ~~/~‘(l_~4). (92)

For non-circular motion one finds that the perihelion of the orbit precesses as for
a spinlessparticle,but ata different,spin dependentrate. In the weak-coupling
limit (slow precessionoftheperihelion),we obtainfor theprecessionangleafter
one period

Aço = ~. (1+4), (93)

where k is the semilatus rectum of the elliptical orbit, andwe haveneglected

termsofO(k2). Hencein thisapproximationspin-dependenteffectsdisappear
for 4 = 0 (k—P) whenever p � 1. Note,thatspin-dependentgravitationaleffects
canbe largeror smallerthanfor a spinlessparticledependingon the sign of 4,
i.e. the relativeorientationof L andX. This weinterpretas aclassicalanalogue
of fine splitting.

As a final remark,we observethat evenif an a priori numericalvaluefor 4
cannotbeassigned,its appearancein variousplaceslike in eqs. (91 )—(93) still
allows the pseudo-classical theory to make quantitative predictions by comparing
differentphysicalprocessesin the regimewherethe semi-classicallimit applies.
Foradiscussionof somerelatedissuesin the caseof spinningparticlesin electro-
magneticfields we alsorefer to ref. [12].

*3 For the special caseof circular motion, this equation determinesthe radius of the orbit, which

now is of course independent of p.
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